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Abstract 

Let a; be a differential 1-form defining an algebraic foliation of codi¬ 
mension 1 in projective space. In this article we use commutative algebra 
to study the singular locus of uj through its ideal of definition. Then, 
we expose the relation between the ideal defining the Kupka components 
of the singular set of ui and the first order unfoldings of lj. Exploiting 
this relation, we show that the set of Kupka points of ui is generically not 
empty. 

As an application of these results, we can compute the ideal of first 
order unfoldings for some known components of the space of foliations. 


1 Introduction 

An algebraic foliation of codimension one in projective space P" over C, is 
given by a global section uj of the sheaf of twisted differential 1-forms D,p„{e) 
that verify the Frobenius integrability condition tv A du = 0. The space of such 
foliations forms a projective variety J^^(P”,e). A first invariant that one can 
attach to a codimension one foliation is its degree, which is given by the number 
of tangencies of a generic line with the foliation. For oj G J-'^(P",e) the degree 
is known to be e — 2. 

The singular locus of a foliation given by uj is defined by sing(a;)set = {p G 
P” : w(p) = 0}. It can be decomposed as a union 

Sing(cc)set = Eiset U Fset 

where fCset is the closure of the set of Kupka points which are the singular points 
of UJ such that duj 0; and Faet is defined as the closure of sing(w)set \ Afset- We 
append a subindex set to stress the fact that this is a set-theoretical approach. 
Kupka points were first studied by Ivan Kupka in |Kup64| , where he first noted 
that the existence of such points is stable under deformations of w, see also 
|LN07l Chapter 1.4, p. 38]. Sometimes the subvariety JCset is referred to as the 
Kupka component. Locally around each Kupka point it is a smooth variety of 
codimension 2. Also uo has locally a normal form around Kupka points. On the 
other side, if Cget has codimension greater than 3, by B. Malgrange’s theorem 
in |Mal761 Theoreme 0.1, p. 163], w admits locally around each point of £set, 
an analytic integrating factor. 
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Since a series of articles which appeared around 1994 such as 
ICLN94] . a lot of attention had been paid to foliations in P" with a non-empty 
Kupka variety. Many results on such foliations focus around special cases where 
ICset is non-singular and every point in ICset is a Kupka point. In this setting 
there are results such as the main theorem of [CLN94) . stating that if K-set is 
globally a smooth complete intersection then w has a meromorphic hrst integral. 
The work of D. Cerveau and A. Lins Neto motivated the question of when K-set 
is a non-singular global complete intersection subvariety of P". In this regard, 
the first results are the very important principal theorems of [CAS94) and its 
addendum |Bal99] . 

Other results on properties of a foliation with a non-singular Kupka variety 
are the main subject of papers like |CA99[[SC99) . and more recently |CAMP06] . 


In this work we address a more fundamental question on Kupka singularities, 
namely: Which forms ui on P" admit a non-empty Kupka variety? In every 
known irreducible component of the space of integrable forms, a generic element 
has indeed Kupka points. Whether this is a general situation or a coincidence 
remains unknown. 

We find a partial answer to this question which takes us to consider the 
schematic structure of sing(a;) given by the homogeneous ideal generated by 
the coefficients of w. See Theorem 14.241 for a full statement of the following 
result. 

Theorem 1.1. If the ideal of sing(a;) is radical, then its Kupka variety is non¬ 
empty. 

In order to prove this statement, we need a result of independent interest, 
namely Theorem 12.71 which is a local division property for duj. 


Moreover, we also relate the algebraic structure of the ideal defining the 
Kupka variety of u! with its first order unfoldings. 

A first order unfolding of w is given by an integrable differential 1-form 
We, defined in the scheme P"[e] := P” x spec{k[e]), where k[e] = k[x]/{x‘^), 
such that We reduces to w when intersected with the central fiber P”. The 
set [/(w) of first order unfoldings of w has a natural vector space structure. 
After [Suw83al Definition 4.10, p. 193], or [Moll 41 Def. 2.2.5, p. 7] for a more 
algebraic approach, we say that two unfoldings We and w' are isomorphic if 
there is an isomorphism (f) of P” [e] such that (j) restricts to the identity in the 
central fiber and (j)*^s = w'. 

First order unfoldings of a form are closely related to its first order deforma¬ 
tions. A first order deformation of w is given by a family of differential 1-forms 
We, parameterized by an infinitesimal parameter e, such that w^ is integrable 
and reduces to w when e = 0. These are the ‘classic’ perturbations and they 
identify with the Zariski tangent space T^iF^{F^,e). They relate to unfoldings 
through the exact sequence 

0-^ /F(w)-^ U{u}) -^ ZI(w), 

where IF{uj) denotes the integrating factors of w, 

/F(w) = {f€H° (Op.(e)) : fduj = -w A df}. 
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The theory of unfoldings for differential forms was developed by Tatsuo 
Suwa in [Suw83a] . Let us denote by Oc^+i^p and ^ the analytic germs of 

functions and differential 1-forms around p G respectively. If m G ^ 

defines a foliation, the space of unfoldings of zu can be parameterized as 


Up{w) = |(h,77) G O 



For a generic ru, the projection of Up{w) to the first coordinate defines an ideal 
Ip{w) C C>c"+i,p. This ideal gives a good algebraic structure to study Up{zu) and 
was used by Suwa to classify first order unfoldings of rational and logarithmic 
foliations, see |Suw83c[[Suw83b) . We refer the reader to |Suw95j for a review of 
his work. 

For Lo G e), first order unfoldings can be parameterized in an analo¬ 

gous way as 

{{h,r]) G £r“(P",C>pn(e)) x iJ°(P", f]^„(e)) : h duj = uj A {r] - dh)} /C.{0, uj). 

Since U{uj) is a finite dimensional vector space there is no ideal associated to it. 
To remedy this shortcoming one can proceed as follows. Let S = C[xo,..., Xn] 
be the ring of homogeneous coordinates in P" and consider w as an affine differ¬ 
ential form in the cone of P”. Then we recall from |Moll4) the 5'-module 

of graded projective unfoldings, 

U(w) = {{h,r]) G S X fig : Ln^h) dw = LrIlu) A {rj — dh)} /S.{0 ,uj). 

where is the Lie derivative with respect to the radial vector field R = 
see Definition [XU 

The projection of U(a;) to the first coordinate defines an ideal /(w) C S 
emulating the situation in the local analytic setting. We will call I{uj) the ideal 
of graded projective unfoldings of w, or simply, the ideal of unfoldings of uj if 
no confusion can arise. As we will show later in Proposition 13.41 the classes of 
isomorphism of graded unfoldings of w can be computed by a quotient of /(w). 

To achieve a deeper understanding of sing(a;), the varieties ICset and Cset 
had to be redefined as subschemes fC and £, respectively. See Section Uj for these 
two definitions, as well as for an example showing that the reduced structure 
of K. might differ from ICset- Two of our main results show how to relate the 
module of isomorphism classes of unfoldings with the homogeneous coordinate 
ring of £, generalizing |Moll41 Theorem 5.1.4, p. 18]. Another of our main 
results states the relation between the ideals I{uj) and the graded ideal of JC. 
We summarize these results bellow and refer the reader to Theorem 14.121 and 
Corollary 14.201 for complete statements. 

Theorem 1.2. Let uj G X^(P",e) be a generic foliation and denote by K and 
L the ideals associated to fC and C, respectively. Then 




Even more so, if K and the ideal of sing(da;) are comaximal, then there is an 
isomorphism of S'-modules 


I{uj)/J{uj) - S/L, 


where J{uj) is the singular ideal of uj. 
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In Section 0] we also give a series of specific examples exposing different 
situations. The computations involved in such examples were done by using the 
computer algebra software Macaulay 2 together with the differential algebra 
package DiffAlg, see |GS) and |DMMQ15] , respectively. 

Finally, in Section [5] we apply the previous results to pullback and split 
tangent sheaf foliations and compute their unfoldings ideal. Let us recall their 
definitions. 

Given a dominating homogeneous map F : P”-^P^ and a differential 

form w in P^, the pullback F*uj defines an integrable differential form in P". 
The set of such pullbacks, for fixed degrees on F and w, defines an irreducible 
component of the space of foliations, as it is shown in [CLNEOl] . 

A foliation with split tangent sheaf in P" can be written as 


w = inixi ■ ■ ■ ix^^idxo A ... A dx„, 

where Xi,..., Xn-i are vector fields and R is the radial vector field. These 
foliations are a generalization of foliations associated to affine Lie algebras, 
which where studied in [UAUGLNOdj . They form an irreducible component 
of the space of foliations, see |CP08) . 

Acknowledgements. We would like to thank Fernando Cukierman and Tatsuo 
Suwa for their valuable comments and suggestions. 


2 Codimension one foliations 

Along this section we first give basic definitions for foliations in P". Then, we 
state and prove a division lemma for integrable forms on smooth varieties. 

Let us denote flpn (e) the sheaf of twisted differential 1-forms in P" of degree 

e. 

Definition 2.1. We will say that a generically rank 1 subsheaf F of r2p„(e), 
e > 2 is an algebraic foliation of codimension 1 on P", a foliation from now on, 
if F is generated by a non zero global section oj G iL°(P", r2p„(e)) such that 
uj A duj = 0. We recall from the introduction that such foliations have degree 
e-2. 

A foliation is required to have singular locus of codimension greater than 2. 
As we will show below, this is equivalent to ask that w is not of the form f.uj', 
for some global section / G iL°(P", Opn (d)) and a 1-form uj' G 7L°(P", f2p„ (e — 
d)). Also, integrable differential 1-forms define the same foliation up to scalar 
multiplication. Then, we will denote the set of codimension 1 foliations of degree 
e — 2 as 

F^(P”, e) := {w G P (L1*^(P”, np„(e))) : w A dw = 0, codim(sing(w)) > 2} . 

We can give to F^(P",e) a subscheme structure defined by the equations 
UJ A duj = 0. 

As we are going to fix one generator for each foliation we might refer simply 
as UJ to the foliation F = (uj). 
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Let us denote by S the ring of homogeneous coordinates C[xo,..., Xn]- Then, 
a foliation defined by w can be written as 

n 

uj = '^Aidxi (1) 

where the ri^’s are homogeneous polynomials of degree e — 1 that verify the 
integrability condition uj A doj = 0 and the property of descent to projective 
space. The latter condition can be stated as the vanishing of the contraction of 
w with the radial field R — ^Xi . 

By eq. [H the ideal of the singular locus of w is given by 

‘^(w) := (ri.0,..., An). 

From now on we will denote by ^{nf) the ideal generated by the polynomial 
coefficients of the differential form rj S QAg. Note that this ideal may not be 
radical. 

The Koszul complex associated to w, noted with Kosz*{uj), is defined as 
Kosz'iLo): S . 

We will usually denote the p-th homology group of this complex as HP{uj). The 
homology of Kosz*(pj) is able to compute the codimension of the singular set 
of w, by the well known result: 

Theorem 2.2. For w € iL°(P", r2p„(e)) the following are equivalent: 

i) codim(sing(a;)) > k 

ii) H\u}) = 0 for all Z < fc 

Proof. See [Mal761 Appendix, p. 172] or |Mal771 Appendix, p. 87] for two proofs 
with different level of generalities in the local analytic setting and [Eis951 The¬ 
orem 17.4, p. 424] for a purely algebraic proof of our statement. 

□ 


Note that H^{uj) = 0 is equivalent to have codim(sing(a;)) > 2, as we asked 
in the definition of foliation. The integrability condition makes duj to be a 2- 
cycle of Kosz*{(jj) whose homology class is non-trivial. This can be easily seen 
by comparing the degrees of the polynomial coefficients of dio and w A ry, for 
some differential 1-form rj. 

Then, an algebraic foliation can be defined by a form to G J^^(P",e) with 
codimension 2 singular locus. In Theorem 14.241 we will show that every foliation 
with reduced singular locus has Kupka points. 
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2.1 Division Lemma 

Here we will prove a statement (Theorem 12.71) that will be applied later in 
Section 0] to foliations on projective space. However, it is a result of independent 
interest which works in a wider context. 

In the following we will do our computations in a non-singular variety X. 
We will consider a 1-form w on X with singular locus of codimension equal to 
or greater than 2. And we will denote by the ideal sheaf of sing(a;). 

Set 2P{uj) to be the module of degree p cycles in the Koszul complex of w. 
Set D{uj) := ann(a;) C TX the subsheaf of vector fields ^ such that a;(^) = 0. 
For a sheaf F we denote by F'^ the (dual) sheaf 'Hom{F, Ox)- We define with 
N{uj) the cokernel in the short exact sequence 

0 ^ Diu}) ^TX ^ N{uj) 0 

As explained in |Qual5[ section 4], we have an exact sequence 

0 ^ • (w) ^ £xt]^iN{uj),Ox) ^ 0 

We define a morphism $ : Z^(uj) —>■ in the following manner: Let 

9 G Z'^iuS), and ^ G 0{uS) , since A w = 0, and i(Ui = 0 we have 

i^9 /\w = i^(9 A w) = 0. 

Then, as = 0 we must have a unique / G Ox such that i^9 = fuj. 

We define $(0) : Ox to be the Ox-linear map such that, to each 

^ G assigns <1>(0)(^) = /, where = fuj. 

Lemma 2.3. The morphism $ : Z‘^{ui) —>■ D{oj)'^ is injective. 

Proof. Take a point p G X such that uj 0 k{p) ^ 0. Then, locally in p, there 
is a 1-form rj such that 6 = oj A rj. Therefore, for each ^ G D{uj)p, we have 
1^9 = Now take a 0 G Z^{uj) such that <i)(0) = 0; that means that, near 

p, i^rj = 0 for every ^ G D{uj)p. Then, there is a g such that rj = g ■ w, and 
so 0p = 0. As this would happen for every p in the dense open subset where 
w 0 k{p) ^ 0, we have that if $(0) = 0 then 0 = 0. 

□ 


Then we have a diagram 


0-^ £t]c/Ox ■ (w)-^ Z^{uj) -^ H^{uj) -^ 0 

$ 

0-- fl^/Ox • (cc)-- D{uj)^ -- £xt],iN{uj),Ox) -- 0 

We thus arrive at another proof of [Ser651 Proposition 4, IV-7]. First we 
are going to make clear the convention we are going to use when we mention 
the support of a coherent sheaf. Given a coherent sheaf T over a scheme X we 
denote with supp(X) the subscheme of X dehned by the annihilator of X, that 
is, the sheaf of ideals of X such that in every a: G A is locally given by the 
annihilator ideal Ann(X 2 :) of Fx in Ox,x- 
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Proposition 2.4. With the notation as above we have supp(iJ^(a;)) C sing(w). 

Proof. By the diagram above we have supp(i?^(a;)) C supp{£xtx {N(uj), Ox)■ 
As explained in |Qual5[ Remark 7.7, p. 178] the annihilator of £xtx{N{uj), Ox) 
is locally defined by the coefficients of uj. So the subscheme supp(£’a;t]^(A^(a;), Ox) 
is just sing(w). □ 

Proposition 2.5. Suppose 0 G 77 • r\Z'^{u!) and D{u!) C 77 • TX. Then 

there is an 77 G such that 9 = oj Arj. 

Proof. With the hypotheses we have that, for every ^ G D{uj), i^9 G 77^ • 

Then the / such that i^6 = foj must be in 77. In other words $(0) is a morphism 
from D{uj) to J. As P[om{D{uj), J) = J ■ D{uj)'^ we have that the class of $(0) 
in £xtx(X(uj), Ox) is 0 , and so is the class of 0 in H^{uj). 

□ 

Corollary 2.6. If X has dimension 2 then for every 9 G ff ■ fl Z‘^(uj) there 
is an 77 such that 9 = uj Arj. 

Proof. When X is 2-dimensional we have that D{ijj) is generated by a single 
field ^ and sing(a;) = sing(^) as schemes, so D{ijj) C 77 • TX. 

□ 

Theorem 2.7. Let to be an integrable 1-form in a smooth variety X and p G 
sing(w) be such that 77(a;)p is radical and such that (dw)p G Jp ■ ^x,p- Then 

there is a formal 1-form rj G p such that duj = uj A rj. 

Proof. The proof proceeds by induction on the dimension of the ambient space. 
If dim A = 2 the theorem follows by Corollary 12.61 If dim A > 2 we consider a 
generic point p G sing(a;), then there are two alternatives: 

If locally around p we have T>(a;)p C 77p • TX, then the theorem follows from 
Proposition [2^ 

If D{uj) ^ Jp-TX then, as 77p is radical, there must be a vector field ^ G D{uj) 
such that ^ C) k{p) 0. If for every such vector field we have <I>(dw)(^) G Jp, 
then we would have $(da;) G Hom{D{uj), Jp) and we would be set. So we may 
suppose there is ^ G D{uj) such that ^ 0 k{p) 0 and such that i^dio = /w 
with / 0 in k{p). We can now take a closed point p specializing p such that 

f{p) 7 ^ 0. Dividing by / we get a vector field such that 

f,\p J 0, i^ui = 0, = i^dio = w. 

We now take a hyperplane H transversal to f at p. And take ojh to be the 
restriction of w to 77. We can take a formal system of coordinates around p, 
(a:, 7/1,..., 7/ra-i) with ^ ^ and the t/’s being formal coordinates of H around 

p. In this coordinate system, as i_a_uj = 0 we have 

n —1 

w = '^gi{x,yi,...,yn-i)dy„ 
i=l 

as we also have L_^uj = uj then the coefficients gi verify the differential equa¬ 
tion ^ = gi. So, for every i there is a series hi{yi,... ,yn-i) such that 
gi{x, 7 / 1 ,..., 7/„_i) = e^hi. In other words, for these coordinates we have 

UJ = e^ujH- 
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This implies that if Jh is ideal of the singular scheme of ujh then Jp = 

So Jh is also radical and moreover dujH G Jh ■ ^sp- Then by induction there 
is a formal 1-form r]' such that duin = A rj'. Now we have, in a formal 
neighborhood around p\ 

duj = d{e^ujH) = e^dx A ujh + e^duJn = 

= e^dx A UJH + e^uoH A 77' = e^wn A {—dx -I- p') = 

= ujAr], 

where ij = —dx + rj'. 

So far we have proved that, around a generic point p € sing(a;), the class 
d{uj)p of dujp in H‘^{uj) is zero. Then the support of d{uj) must be a proper closed 
subscheme of the singular locus of w. This implies that the support of H'^{uj), 
and therefore that of Sxt^{N{uj),Ox), must have as an irreducible component 
a proper closed set of sing(w). Again by IQ ual5| Remark 7.7, p. 178], we 
have the equality supp(fa;t3s:(A^(a;),O^)) = sing(a;), and sing(a;) is reduced by 
hypothesis and therefore have no embedded components. Hence d{uj) G H^{uj) 
must be zero, which implies the existence of rj as in the statement of the theorem. 

□ 


3 Graded projective unfoldings 

Throughout this section we will consider uj G e). First we will define the 

space of graded projective unfoldings, U(u;), and its related objects which are 
the ideal of (graded projective) unfoldings I{uj) and the complex of A-modules 
R*{uj). We will use I{uj) in Sectional to state our main results. 

We refer the reader to [Moll4) for a detailed exposition regarding this sub¬ 
ject. 


Definition 3.1. We define the S'-module of graded projective unfoldings of w as 

U(a;) = {{h,r]) G S X fig : Ln^h) dw = Lh{uj) A (77 — d/i)} /S.{Q,uj). 

For a G N, the homogeneous component of degree a can be written as 

U(a;)(a) = G (S x fig) (a) : ah duj = eujA{r] — dh)} / S{a — e).(0, uj). 

For (h, rf) G U(u;)(a) and / G S(h), the graded S-module structure is defined 
via the formula 

f-{h,p) := (A, fr^+l[ahdf-bfdh) ) g U(a;)(a + 6). 


Definition 3.2. We define the isomorphism classes of graded projective un¬ 
foldings, as the quotient U(a;) := U(a;)/C'u(w). For a G N, the homogeneous 
component of degree a of C'u(w), is defined as 


C'u(w)(a) = I - (a ixdiv + e dixuo)'^ : X G Tg{a — e)| jS{a —e).{Q,Lo). 









Let us consider the projection to the first coordinate 

U(w) S'. 

Definition 3.3. We define the graded ideals of S associated to uj as 

I{uj) := 7 ri(U(a;)) = {h £ S : h dw = w A ry for some ij £ 

J(uj) := 7ri(C'D(a;)) = {fx(w) £ S : X £ Ts} ■ 

We will also denote them I = I(uj) and J = J{uj) if no confusion arises. 
Proposition 3.4. The projection tti : l[J(w) —?> S induces the isomorphisms 
U(a;) ~/(w)/J(a;) and U(w) ~/(w). 

Proof. Let us consider {h,r]i), {h,r] 2 ) £ {S x V.g){a) such that 

a hdu) = e w A (? 7 i — dh) 
a hdu) = e u) /\ (772 — dh). 

Then w A (771 — 772 ) = 0 and there must exist / £ S(a — e) such that 771—772 = foj. 
This way the classes of {h,rji) and (h, 772 ) coincide in U(a;), which shows that 
11 ( 0 ;) ~ .f(w). By doing the same for elements of the form ° i-xdu+e dixuj ^ 

we can see the isomorphism C'u(a;) ~ d(w). 

Putting together both arguments we have that l[J(a;) ~ I{uj)/J{uj). 

□ 

Remark 3.5. Notice that 1 ^ since the class of dui in is not zero as 

we pointed out in Section [2] 

Recall from Section [2J that we denote by ( 77 ) the ideal of polynomial coef¬ 
ficients of the differential form 77 . 

Proposition 3.6. We have the following relations 

= J{uj) C /(w) . 

Proof. The equality can be easily verified by contracting u with the vector fields 
dfdxi, i = 0,... ,n. The inclusion follows from the following fact, 

ui A duj = 0 => ix{i^)duj = w A {—ix{du})) => 7x(w) G d(a;). 

□ 

The equivalence between the conditions w A dw = 0 and dui A dio = 0, allows 
us to define the following complex: 

Definition 3.7. We define the graded complex R*{u}) of S'-modules associated 
to UJ, as 

R'iuj): Ts 

where for s > 0 and the 0-th differential is defined as dw A X := 

ixduj. 
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As usual, let us denote by Z^{—) the cycles of degree k of the given complex. 
We recall from |Moll41 Proposition 3.1.5, p. 13 and Theorem 3.2.2, p. 14], the 
following results. 

Theorem 3.8. Let w G J^^(P",e), then we have S'-module isomorphisms 

Z\R'{uj))/S.uj ^ U(w) ^ J(w) 

H^{R*(uj)) ^ U(a;) ^ I{uj)/J{uj). 

We will use the relation between Z^{R*{uj)) and /, given by theorem above, 
to make effective computations of the ideal I. Specifically, the unfoldings ideal 
/ can be computed as 

= ( 2 ) 

where in is the contraction with the radial field. Notice that this is the relation 
used in the proof of the previous theorem. 


4 The singular set and the unfoldings ideal 

Along this section we will redefine the varieties ICset and Cset as projective 
schemes K, and £, respectively. These varieties, together with the unfoldings 
ideal / defined in the previous section, are our main objects of study. The 
computations regarding K and C are going to be done with its ideal of definitions, 
K and L, respectively, regarded as graded ideals over S (see |Har771 Chapter 
II, 5, p. 108] for the relation between projective schemes and graded modules). 

In Definition 14.101 we state our genericity conditions on a codimension one 
foliation ui that we will carry throughout this section. 

In Theorem l4.12l we prove that the radical of / and the radical of K coincide 
with mild generic assumptions. 

In Theorem l4.24l we show that the Kupka scheme /C equals the Kupka set ICset 
and they are non-empty, provided the ideal of sing(a;) is radical, J{uj) = J(w). 

4.1 Definitions 

Definition 4.1. For w G J^^(P",e), we define the Kupka scheme IC{uj) as the 
scheme theoretic support of duj at 5'/j(w). Then, /C(w) = Proj(S'/Ar(w)) 

where K{u}) is the homogeneous ideal defined as 

K{u}) = ann(dw) -I- J{uj) C S, duj G Dg (Ds S/J{uj). 

We will denote K. = IC{u}) and K = K{u)) if no confusion arises. 


For the definition of the scheme C we recall the notion of ideal quotient of 
two S'-modules M and N as 

[N : M) := {aG S : a.M C A^}, 
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see [AM691 Example 1.12, p. 8 and Corollary 3.15, p. 43] for basic properties. 
In the case of two ideals /, J C S', we define the saturation of J with respect to 
I as 

(J :/-):= U (,/:/"). 

d>l 

Later, we will use the following simple fact. 

Lemma 4.2. Let J be a radical ideal. Then {J : I) is radical and 
(J : /) = (J : in = {J : 77). 


One could also define K{uj) as K{uj) = (J • : duj). Then, given that 

is free, we can also write 


K{oj) = (J : ^{duj)). 


(3) 


Definition 4.3. For w £ J^^(P",e), we define the non-Kupka scheme C{uj) 
as the projective scheme Proj(S/L(a;)), where L(w) is the homogeneous ideal 
defined by 

L{uj) = (J(a;) : K{oj)°°)- 

We will write £ = £(w) and L = L{lo) if no confusion arises. 


Remark 4.4. By Lemmaand eq. [3] we immediately see that, if J is radical 
then K and L are radical ideals. 

In the following example we show that the algebraic geometric approach is 
indeed necessary, since the reduced structure associated to the Kupka scheme 
K, differs from the reduced variety associated to ICset- In general, when J is 
radical, both varieties will coincide, as we will show below. 

Example 4.5. Consider the following integrable differential 1-form ydx + x^dy. 
Its projectivization in is given by 

w = yz^dx + x^zdy — {x^y + xyz)dz, 

and its exterior differential is 

duj = {2xz — z^)dx A dy — {2xy + ‘iyz)dx A dz — {2x^ xz)dy A dz. 

In a set-theoretically setting, the singular set of uj and dio are given by 

sing(w) = {(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1)} and sing(da;) = {(0 : 1 : 0)}, 

implying that the Kupka set is equal to {(1 : 0 : 0), (0 : 0 : 1)}. 

The ideal defining sing(a;) is 

J = {yz'^jx'^z, x^y + xyz) 

giving multiplicities 1, 4 and 2 to the points of sing(a;) respectively. The Kupka 
scheme /C is defined by the ideal 

K = {yz'^,x'^z,2xy - yz). 

The support of K is all sing(a;) but with multiplicities 1, 2 and 2 respectively. □ 


11 




Lemma 4.6. Let w € e) such that J = \/j- Then 

^ = ^set- 

Proof. This follows immediately from the equalities 

K = {J-. ^{du)) = (J : ^{dujD = y{ICset), 
where ^{JCset) denotes the (radical) ideal associated to ICset- □ 

We can now extend the chain of inclusions of Proposition 13.61 bv considering 
the ideal K. 

Proposition 4.7. Let uj G J^^(P",e). Then, we have the following relations 

'^(w) = JCICK. 

Proof. We only need to prove the last inclusion. By definition, given h G I there 
exists a differential 1 -form 77 such that 

h duj = UJ A T]. 

Then, h G {J ■ : duj) = K. 

□ 


4.2 Main results 

Let p be a point in P", Le., a homogeneous prime ideal in S different from the 
irrelevant ideal {xq. ... ,Xn), and let w be an integrable differential 1-form. We 
will denote by a subscript p the localization at the point p and with Sp the 
completion of the local ring Sp with respect to the maximal ideal defined by p. 

Definition 4.8. We say that p G P” is a division point of oj it 1 G I{uj)p. 

Recall from Section [5] that we refer to the homology of the Koszul complex 
of UJ as P[P{uj). 

Proposition 4.9. Let p G P" and let uj G e). The class of dujp in H^{ujp) 

is zero if and only if p is a division point of uo. 

Even more so, assume that formally around p, Wp G fig 05 Sp is equal to 
fdg, where f,g G Sp and / a unit. Then p is a division point. 

Proof. If p is a division point, then 1 G /(a;)p, hence dujp = 0 G H^{ujp). 
Analogously, if dujp = 0 G P[^{ujp), then 1 G /(w)p. 

Assume that Wp = fdg, where f,g G Sp and /(p) 0, then 

du}p = df A dg = —jfdg A df = ujp A ( — jdf) = 0 G P[‘^{ujp). 

Then, 1 G I{uj)p, that is, 5'p = /(a;)p. By Nakayama’s Lemma, see [GH941 
p. 681], the inclusion J(w)p C Sp is an epimorphism, hence I{uj)p = Sp and 
1 G /(a;)p. 

□ 
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We now define a subset of the space of foliations on which we are going to 
state some of our results. 

Definition 4.10. We define the set U C e) as 

W = {w G e) : Vp ^ Afl(w), p is a division point of w} . 


Remark 4.11. A few remarks should be made regarding the set U\ 

i) By [Mal761 Theoreme 0.1, p. 163] and Proposition 14.91 above. U contains 
the following open subset 

W' = {w G : codim(sing(a;)) > 2 and codim(sing(da;)) > 3} . 

This open set is one of the usual generic conditions used in the literature. 

ii) If sing(a;) is reduced then w G W. This follows from Theorem 12.71 and 
the simple fact that, in P”, the inclusion sing(da;) C sing(w) holds. This 
can be seen by contracting dui with the radial field from where we get 
ifidw = euj. 

Then, the following set is included in U, 

Li” := {w G J^^(P",e) : sing(w) is reduced}, 

A small variation of U" is to ask sing(a;) to be reduced in the affine cone 
C"’*'!. This is equivalent to asking J = \fj and it is slightly stronger, 
because it removes the irrelevant ideal as an eventual immersed component 
of J. Since our approach is algebraic, we will use this condition as well. 
We remind that the condition of being reduced is an open condition, see 
[Gro661 Theoreme (12.2.4), item (v), p. 183], then U contains the open 
subset U" of J'i(P”,e). 

iii) If oj admits a global integrating factor F such that the only components 
of sing(w) of codimension 2 that intersects {F = 0} are in 1C, then uj CU. 
Indeed, any codimension 2 component of sing(w) intersects the hypersur¬ 
face {F = 0}. Hence, every point p ^ /C is a division point; see [Mal761 
Theoreme 0.1, p. 163] and Proposition 14.91 This remark is useful for log¬ 
arithmic foliations. 

The hypothesis uj ClA will be our more general assumption from now on. It 
is the key to establish relations between the unfolding ideal I, the singular ideal 
J and the Kupka ideal K, as the following theorem shows. It gives a global 
characterization of U. 

Theorem 4.12. Let uj ClA F F^(P",e). Then, 

Vi = Vk. 

Even more so, if '/l = '/K then uj & IA. 
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Proof. Take oj £ U and p ^ /C. Then Ip = Sp, which is equivalent to p ^ I, 
where I = Proj(iS'//). This way, we see that Ired C /C. Reciprocally, if Ired C K 
then every p ^ /C implies p ^ T and so Jp = S'p, meaning that lo £lA. Then have 
that 

LO £U <J=> Ired C /C K C ^fl . 

By Proposition 14.71 we already know that I C K. Then, taking radicals in the 
inclusions I Q K Q ^/1 we have the first implication of the theorem. 

If now we suppose that '/l = \/K^ then K C i/T which is equivalent to 
uj gU as we just see. 

□ 


In Section^we will show that in certain components of the space of foliations 
it can be stated that, generically, I = K. The following example shows that 
this is not always the case; there exists forms with ^/I = \/~K, but I ^ K. 

Example 4.13. In |CLNL+07[ 5.4, p. 49], the authors find a new irreducible 
component of 6) consisting of foliations with projective transverse struc¬ 

ture. These foliations can be constructed by considering a differential form uq 
in as 


cjQ = xodxi — xidxo + P2dxo + Q2dxi + R2{xodxi — xidxo) 

where P 2 ,Q 2 and i ?2 are homogeneous polynomials of degree 2. As the article 
explains, we can consider the homogenization of ojq, Hqj and pullback it by 
the automorphism of given by cr(xo, xi, X 2 ) = (xo,xi,X 2 + Xq). This way, 
we get a new differential 1-form loi = a*{Qo) which is not homogeneous. By 
considering its homogenization again, we finally get an integrable differential 
form w £ I'^(P^,6) with projective transverse structure. 

Choosing generic polynomials as 

T~) 2 2 2 I 2 T~t 2 I 2 I 

P2 = Xq — Xp Q2 = Xq-\- Xi H2 = Xq Xi XqXi, 

and following the process described in loc. cit., we find a generic foliation of 
such component defined by 

OJ = ( —XgXl — XqX 3 — 2XpXlX3 -|- XqX^Xs — 2xqX^X3 — 2XqXiX2X3 — XqXiX^ + XqXiX^-\- 

— x\x\ + x'pX 2 x\ — x\x 2 X^ — dxp + (xg -|- XgXg -I- XgXpXg -I- 2 XgX 2 X 3 -|- 

,32 2 2, 22,2 2,2 2, 2 2\j, 

+XqX^ — XgXlXg -|- XgXpXg -|- XqX2X^ -|- X 1 X 2 X 3 -|- X0X2X^) dXl-\- 

+ (—XQX 3 — XgXlXg -I- XQXiX^ — xfxg) dX2 + (xg -|- XgXl — Xgxf -|- Xgxf) rfxg . 

Making some computations we find that: since = '/K then to £ lA hy 
Theorem 14.121 . sing(a;) is not reduced and I ^ K. □ 

In the case of P^ we can state the following stronger result. 

Lemma 4.14. Let uj £ iF^(¥^,e), then I = K. 

Proof. In a similar way to what we did with the definitions of K and L we can 
characterize the unfoldings ideal of uj as 

/ = (B^iuj) : duj), 
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where B^(uj) are the borders of the differential of the Koszul complex in degree 
1. Since K = {J ■ Vtg ■. dio), Corollary 12.61 implies that every w G 
satisfies I = K. 


□ 


We have a similar statement in P" only under certain conditions. 

Corollary 4.15. Let uj G e) be such that J = '/j and /Cn£ = 0. Then 

I = K. 

Proof. By Remark |4.4I we have that K and L are also radical ideals. Let p be 
an associated prime of I. Using the hypothesis /C fl £ = 0 we get that Jp = Kp. 
Then, by the inclusions J C I C K of Property 14.71 we have that 

Jp = Ip = c[ 

where q is a p-primary ideal. Since J is radical, necessarily q = p and p cannot 
be an embedded prime. The result now follows from Theorem 14.121 

□ 

Remark 4.16. In [CSV06) . it is shown that the singular locus of generic loga¬ 
rithmic foliations can be decomposed as the disjoint union of the Kupka set and 
a finite number of isolated points. Even if the authors do not say it, the article 
also applies to generic rational foliations. In |Suw83b) and |Suw83c) . the un¬ 
foldings ideal of generic rational and logarithmic foliations is classified in terms 
of the functions defining such foliations. Putting together these works, one can 
conclude that I = K in these irreducible components. 

Also, in Section we will show that the equality I = K holds generically 
for pullback and split tangent sheaf foliations. Notice that the assumptions of 
Corollary 14.151 are verified in all these components we are mentioning. 

Following example 14.131 (and many others of the same type that we were 
able to compute), we believe that it should not be expected that I = K in 
the component of foliations with projective transverse structure, therefore in 
J^i(P”,e). □ 

Despite the previous result, the hypotheses J radical and /C fl £ = 0 are not 
necessary to imply I = K, as the next two examples shows. For the computa¬ 
tions of /, see eq. [H 

Example 4.17. Consider the differential 1-form in P^, 

(jj = XQX2dxo + x\x2dx\ + (—a;g — x\)dx2. 

The scheme sing(cu) consists of three points with multiplicities 1,2 and 4. Also, 
/C is the union of the points with multiplicities 1 and 2 and £ is the other point. 
In this case we have K D L = J and I = K. □ 


Example 4.18. The family of Dulac foliations in P^ of type (p, q) G N^, £’(p, q), 
see |CA031 Cap. 1, p. 48], is defined by differential 1-forms as 

W(p,q) = iRiyixidxo A ... A dx^) 
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where X and Y are vector fields defined as 

X = -(q + Xi-^ + (p+l)xl'^’^~^X2^ + 

ax\ 0X2 

+ [(p - + {{q + l)/3 - (p + l)a)xPxl^ ^ 

Y = -fSxi + ax2 -(p^ - qa)x3 ^ 

OXi 0 X 2 0 X 2 , 

with a,/3 G C and R is the radial vector field. Note that = 0. 

Taking a = 1 and /3 = 2 we define the following Dulac foliation of type 
{p,q) = ( 1 , 1 ) as 

'^( 1 , 1 ) = (63^13^2 + 2a:oa^ia;2a;3) dxo + {— 2 xoXiX 2 — 2xqX 2X3) dxi + 

+ { — 4:Xox‘fx2 — 2 XqXiX 3) dX2 + 2 XqXiX 2 dX3 

The scheme C is the reduced line {xi = X 2 = 0}. And /C has 4 components; 
two reduced, given by {xi = 0:3 = 0} U {x 2 = X 3 = 0}, and two of multiplicity 
2, given by {xq = xi = 0} U {ccq = X2 — 0}. Despite this pathological situation, 
we still have I = K. 

As one can see in this example the decomposition /C U £ fails to be sing(a;) 
at a schematic level, since it do not cover all the multiplicities of sing(a;). The 
primary decomposition of sing(w) it is given by 5 components 3 reduced and 2 
of multiplicity 4. The two missing components of multiplicity 2, that are the 
same that K. has, can be found in the quotient ideal given by {J{uj) ■ K{uj)). □ 


From Theorem 14.121 we can draw several results relating, unfoldings and the 
classes of isomorphism of to and with its singular locus and its decomposition in 
the ideals K and L. 

Corollary 4.19. If sing(a;) is reduced then the minimal components of I/J 
and S/L coincide. 

Proof. Assume '/j = J. Then, 

i) L = {J : K) since K is also radical by Remark 14.41 

ii) {J : I) = {J : \/l) since J is radical by Lemma [4.21 

By Theorem 14.121 we know that vT = '/K from which we have the following 
chain of equalities 

ann(//J) = {J : I) = {J : K) = L = ann(5/L). 

The result follows from |Mat861 § 6 , Theorem 6.5 (iii), p. 39]. 

If sing(a;) is reduced, the irrelevant ideal may be an associated prime of J. 
Then, the minimal associated primes of S/L and of I/J may differ only by the 
irrelevant ideal. In any case, the result follows. 

□ 
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Corollary 4.20. Let ijj &U. UK and ^{doj) are coprime (comaximal), then 

I/J^S/L. 

Also, if /Cnsing(da;) = 0, then the Hilbert polynomial of I/J and S/L coincide. 
Proof. First note that ‘rf{duj) C L, 

L = {J: K°°) 2 {J ■■ K) = {J : {J : ^{duj)) D ^{duj). 


Then, 

S = K + ^{doj) CK + LCS=^K + L = S. 

From |AM691 Proposition 1.16, p. 9] and given that \/~K = \/T we obtain, 
I + L = S. 

Second, let us prove that / fl L = J, 


JC/nLCA:nL = |J(,/: '^{duj) + AT") = J. 

n>0 

The equality AT" + '^{duj) = S for all n > 0, follows again from |AM691 Propo¬ 
sition 1.16, p. 9]. 

Finally, 

I/J = /// n L ^ (/ + L)/L = S/L. 

The last part follows because the Hilbert polynomial of an ideal X and 
{X : m°°) coincide, where m is the irrelevant ideal. Given that /Cnsing(dw) = 0, 
/C n £ = 0 and Proj(S'//) fl £ = 0. Also, AT" + ^[dw) is m-primary or equal to 
S. In any case, (/ fl A : m°°) = {J : m°°). Then, 


Pi/j = Pi - Pj = Pi - P-ff^ = Pi+l - Pl = Ps/l, 

where Px is the Hilbert polynomial of the ideal X and X is the saturation of 
the ideal X. 

□ 


In the following example we show that the hypothesis of the previous corol¬ 
lary are necessary. 

Example 4.21. Let us consider 3 vector fields with linear coefficients in 
S, X, Y, such that 


[5, a:] = -X [s, F] = r [a:, f] = 2 S. 

Then {S,X,Y} define a Lie algebra isomorphic to s[(2, C) and the 1-form defined 
as 

w = iRisixividxQ A dxi A dx2 A dx^) 

gives rise to a degree 3 foliation given by the action of PSL{2, C) in P^, see 
[CA031 Cap 1, p. 53]. Taking 

„ d 9 r, 9 ^ d 

J = - Xi- -1- 2x2-R -2X37^— 

OXq OXi UX2 UX'^ 


^ d d 

X = X4.-^ -h ^3-- 

UX{) uXi 


Xq 


d 

dx 2 


Xi 


d 

dxA 


^ ^ ^ d „ d 

Y = -4X2^ - &XA- -4xi--6X0 7;— 

UX{) OX\ ux^, UX4 


17 








we get the differential 1 -form 

u) = (l 2 a:fx 2 — BxqXix^ + 2ixQX2X^ — 4 xqXiX 4 — 32x4x2x3x4 + 12x0x3X4) cIxq + 

+ (^—4xoX4X2 + ISxqXs -|- 160 : 1 X 2 X 3 — 4xqXiX4 — 32 x 9 x 2 x 3 x 4 -|- 8 xiX 2 x|) dxi + 

+ (—8x0X1 — 4xfx2X3 — 18x0X3 -I- 28x0x1x3x4 -I- 8X2X3X4 + 4 xfx| — 12x3X4) dx2 + 
+ ( —12x9X1 — 12xfx2 — 6 xqX2X3 + 28 X 0 X 1 X 2 X 4 + 8 x|x 3 X 4 -|- GxqX^ — 12x2X4) dxs + 
+ (SxqXi + 8X0X1X2X3 — 16 x|x| — 12X4X2X4 — 18x9X3x4 + 24x2x3X4) dx4 


In this situation, J{lo) is radical. Then, by Remark |4TT] ii) uj gU. In fact 


sing(w) has two irreducible components, /C and £, both of codimension 2. Also, 
£ = sing(da;), K = I and /C fl sing((iw) ^ 0, 


K = I = ( 2 xoxi — 2x2x3 — X4, 6x4X2 + 9x9X3 — 18x2x3x4 — X4) , 

L = = (xoxiX3 -|- 2x2X3 -|- X1X4 — 3 x 3 x|, 2x4X2 — 3x9X3 , 

2 xoxiX 2 -|- 4 x|x 3 -|- 3x9X4 — 6x2X4, xf -|- 3x0X3 — 3X1X3X4, xoxi + 2xiX2X3 — 3X0X3X4, 
XqXi -|- 2X0X2X3 — 2X1X2X4, 3 xq -|- 4 xix| — 6X0X2X4) . 


We can see that I/J ^ SjL by computing the Hilbert polynomials of both 
graded modules, Pi/j and Ps/l^ obtaining 

Pi/j = 4 P 2 - llPi + lOPo Ps/L = 4 P 2 - 3Pi 

where Pr is the Hilbert polynomial of P’’. Notice that the degree of Ps/l shows 
that codim(P) = 2. Finally, Corollary 14.191 explains why the highest degree 
term of both polynomials coincide. □ 

In this example we show a form w G W in P^ such that K and are 

not comaximal, but /C fl sing(dw) = 0. Generic logarithmic foliations present 
the same behavior as well, see [CSV06) . 

Example 4.22. Let us consider a 1-form uj in P^ as 

LU = X2Xidxo + X2Xodxi — (XqXi + XoXi)dX2- 

The singular ideal is equal to J = (a;ia; 2 ,a;o 4 ; 2 , 4 :oa;i) and it is radical. Also, 
K = (x 2 ,xoXi) and L = ‘^(dcv) = (xo,xi). In this case S/L is different from 
but the Hilbert polynomials coincide. Note that /C is equal to the union 
of two lines, {xq = X 2 = 0,xi = X 2 = 0 }, and £ is equal to another line 
{xq = xi = 0}. Then, /C fl sing(dw) = 0, but the radical of AT -I- ’^{duj) is the 
irrelevant ideal (xq, xi, X 2 )- From the previous corollary the Hilbert polynomials 
coincide, specifically, Pi/j = PsiL = ^- D 


Remark 4.23. Let ui G U £ P^(P",e). By Theorem 14.121 we know that 
\/l — Vic, then there exists a natural number n such that AT" C I. Then 
for every f G K, there exists r] G £lg such that f^duj = uj A r]. Equivalently, 
Pdw = 0 in H^iuj). 


From Theorem 14.121 we can conclude the existence of Kupka points under 
very general conditions. It is worth mentioning that such result is the first 
general result on the existence of Kupka points for foliations on P". 
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Theorem 4.24. Let oj € e) such that J = \/j. Then 

/C = /C,et ^ 0. 

Proof. Since sing(w) ^ 0, the irrelevant ideal of S, m, can not be an associated 
prime of y/j. 

Note that K is proper because 1 ^ / and y/l = y/K = K, by Remark I.S.bl 
and Theorem 14.121 respectively, since J radical implies K radical and ui £lA. 

If /C = 0, the irrelevant ideal is an associated prime of K, but let us see that 
any associated prime of K is an associated prime of J. Consider {K : x) an 
associated prime of K. Then, 

{K :x) = ((J : ^{duj)) : x) = Q {J : yx) = {J : yox), 

for some yo G ‘^{duj). The last equality follows from |AM691 Prop, l.ll(ii), 
p. 8] implying that (J : yox) is an associated prime of J. Then, the irrelevant 
ideal is an associated prime of J = y/1. A contradiction. Hence, /C ^ 0. 

Since J is radical, By Lemma [4.61 we get K — Kset concluding our result. 

□ 


Proposition 4.25. Let w G J^^(P",e). If Kset 0, then the reduced Kupka 
scheme has pure codimension 2 . 

In particular, if J = yfl^ K has pure codimension 2. 

Proof. Consider the following sequence of inclusions, 

y/ ann(iL^(w)) C y/1 C y/X C (^y/j : ‘^(dw)). 

By Theorem 12.21 the first ideal has pure codimension 2 (it follows by localizing 
Kosz'{(jj) at the open subset codim(sing(a;)) > 3). The last ideal is the ideal of 
the Kupka set which also has pure codimension 2. 

□ 


In our investigation we have noted certain phenomena while looking for 
examples justifying the hypotheses of our statements. We would like to share 
with the reader a question we have not been able to settle. 

Question 4.26. We do not know any example of an integrable form oj not in 
U. So the question arises: is it true that e) = W. 


5 Applications 

Along this section we describe the unfolding ideals of pullback and split tangent 
sheaf foliations in J^^(P”,e), see [CLNEOI] and |CP08j respectively. 
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5.1 Pullback foliations 


In [CLNEOl] the authors prove the generic stability of pullback foliations. We 
recall from the introduction that a pullback foliation is given by F*uj^ where 

w G e) and F = (Fq : Fi : F 2 ) : P"-^P^ is a rational map, where Fi 

is a homogeneous polynomial of degree u, i = Q, 1 , 2 . 

Generic conditions on lo means that its singular locus is reduced and given 
by Kupka singularities only; then, sing{uj) will consist of iV = (e — 2)^ + e — 1 
different points. Writing oj as 

uj = Aq dxo + Ai dxo + A2 dxQ, 


we immediately get 

J{ui) = K{uj) = (^0 j^1 )^2)- 

Regarding the polynomials Fi, it is required that the critical values of F be 
disjoint from the singularities of ui, as well as the set of critical points be disjoint 
from {Fq = Fi = F 2 = 0 }. 

We will call the pair (F, w) a generic pair, if it satisfies the generic conditions 
just mentioned. 

Theorem 5.1. Let (F, w) be a generic pair. Following the notation above we 
have that 

I{F*io) = KiF*uj) = (AoiF), Ai(F), 

Proof. By the genericity conditions and Lemma 14.141 we have I{uj) = K{uj) = 
(^0, ^1, ^2)- 

Following [CLNFOil p. 700], the Kupka component of F*uj is reduced and 
it is equal to the inverse image of the Kupka component of oj. Then, 

K{F*0J) = Kset{F*oj) = F* = {Ao{F),Ai{F),A2(F)) , 

where the first equality follows from Lemma 14.61 

Now, from the inclusion I Q K oi ProDOsition l4.71 we just need to show that 
every Ai{F) G /(F*(a;)). Given that Ai G I{oj), we have 

Aidoj = uj /\ (rji — dAi). 

Then, by the commutativity of the exterior differential and the pullback opera¬ 
tion, 

F* {Aidoj) = F* (w A (rji - dAi)) A,{F)dF*oj = F*oj A {F*g, - dA,{F)). 
Thus, A,[F) G I{F*[oj)). 

□ 


5.2 Foliations with split tangent sheaf 

As first observed in [GP08| . several examples of integrable forms on P” are of 
split type, e.g.: such that there are helds Xi,... ,Xn-i satisfying 

ej = inixi ■ ■ ■ A ... A dxn, 

where R is the radial field. 

Examples treated in |CP08) include: 
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i) Linear pullbacks: the pullback of generic degree e — 2 foliation of under 
a generic linear projection. 

ii) Foliations associated to affine Lie algebras: These were first studied in 
[CACGLN04] . They are foliations in whose tangent sheaf is generated 
in an affine open set by two vector fields, X and Y satisfying 

d d d 

X = px—+ qy—+rz — , [X,Y]=iY 
ox ay oz 

for some integers p, q, r, £ with gcd(p, q,r) = 1 . 

As explained in |Qual5[ Section 9], the singular scheme of such foliations 
is an equidimensional Cohen-Macaulay scheme of codimension 2. Moreover, in 
[CP08], in order to establish when these foliations form irreducible components 
of the space J^^(P"), they require uj to be in W, c.f. Remark |4. Ill 

Proposition 5.2. Let uj G W J'i(P") be a foliation of split type. Then 
J = AT. In particular, for such foliations we have I = J. 

Proof. As w is a foliation of split type its singular scheme is an equidimensional 
Cohen-Macaulay scheme of codimension 2. Then duj does not vanish along any 
component of sing(w). In particular, for any associated prime p G ass(5'/J), we 
have dujp ^ p • , so ann((ia;) = (0) C 0 S/ J. 

As any foliation in P” verifies sing(dcLi) C sing(a;), we must have L = S. By 
Corollary 14. 201 this implies I = J. 

□ 

Recall from the introduction that we say that two unfoldings uj and u) are 
isomorphic if there is an isomorphism (j) of P"[e] such that (j) restricts to the 
identity in the central fiber and = Q. 

Corollary 5.3. Let uj gW J'^(P", e) be a foliation of split type. Then, every 
unfolding of ui is isomorphic to the trivial unfolding. 

Proof. By Theorem 13.81 the isomorphism classes of graded unfoldings are pa¬ 
rameterized by the quotient I/ J, which is trivial by the previous proposition. 

□ 


In this way we can describe I{uj) for the above examples: 

i) Linear pullbacks: these were treated with more generality in the previous 
section. In the case of linear pullbacks, the singular locus consists only of 
Kupka points, which does not need to happen in the general case. 

ii) Foliations associated to affine Lie algebras: in [CACGLN04) is shown how 

the singular set of these foliations is related with the Lie-Klein curves. 
These are rational curves ^p,q,r parametrized by (t : s) i—>■ : 

f gp-r . integers p, q, r with gcd(p, q,r) = 1. 

Specifically, in [CACGLN041 p. 999] it is shown that the singular scheme 
of foliations given by vector fields X and Y as above with 

{p,q,r,£) = + r + l,v + r G Z, 

is given by the union of the Lie-Klein curve Tp^q^r, a line and a plane curve 
of degree r + 1. 
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